We present a simple, general energy functional for ferromagnetic materials based upon a local spin density extension to the Stoner theory of itinerant ferromagnetism. The functional reproduces well available ab initio results and experimental interfacial energies for grain boundaries in iron. The model shows that intergranular cohesion along symmetric tilt boundaries in iron is dependent upon strong magnetic structure at the interface, illuminates the mechanisms underlying this structure, and provides a simple explanation for relaxation of the atomic structure at these boundaries.
many degrees of freedom to allow studies of the complex structures of all but the simplest extended defects. For this reason, total energy ab initio studies of iron to date have been limited to small clusters encompassing the behavior of the simplest (Σ = 3(111)) grain boundary [3, 4, 5] . Interatomic potentials, while practical for complex systems, deal with too few degrees of freedom to treat itinerant exchange properly. Nonetheless, these potentials have been useful in studies of grain boundaries [6] , dislocations [7] and even fracture [8] . Energies calculated for grain boundaries with the EAM [6] , however, are exaggerated by about a factor of two when compared with experimental values [9] , beginning to approach even the experimental surface energy [10] . Here, we present a simple, general model which gives much better results and reveals the mechanisms stabilizing the boundaries.
In response to the above weakness, Krasko [11] has introduced recently an atomistic potential which includes a prescription for estimating the exchange energy of each atom from its local environment. Here, we follow an alternate, microscopic route. In accord with the microscopic origin of itinerant ferromagnetism, we consider the extended nature of the electrons and determine only the spin-moment coupling constant, the Stoner parameter [12] , as a function of the local atomic environment.
Microscopic Approach -Such intermediate, electronic structure based descriptions of iron have been developed in previous studies of iron [13, 14] , but for ideal crystalline systems. Our approach to the study of defects is to first identify the smallest, physically reasonable set of degrees of freedom from these studies, and then extend this treatment to include inhomogeneous systems.
Hasegawa and Pettifor [13] reproduce the experimental P − T phase diagram of iron by combining a tight-binding description of the d−bands with a treatment of spin-fluctuation effects. They note that as T → 0, spin fluctuation effects become unim-portant and their spin-fluctuation theory reduces to the traditional mean-field Stoner theory of itinerant ferromagnetism [12] . They identify the temperature at which this happens to be T f ≈ 500 K. Zhong, Overney, and Tomanek [14] take up the fact that mean-field Stoner theory is sufficient at room temperature, and build a model for bulk crystalline iron based upon an spd tight-binding Hamiltonian and Stoner theory, treating only the mean atomic spins.
We therefore identify a minimal set of active physical degrees of freedom below T f to consist of the net mean spin moment on each atom and single particle states constructed from atomic-like d−orbitals. To pass beyond perfect crystalline material, we introduce a local atomic spin-density extension to Stoner theory.
Construction of Energy Functional -Our selected degrees of freedom are (1) the linear combination coefficients ψ nk (i, m) describing the bonding among the m z = −2, . . . , 2 atomic d−states of each atom i for each band n and each point in the Brillioun zone k, (2) the net spin n σ (i), σ = ±1, associated with each atom i, and (3) the location τ i of each atom i.
To describe the bonding contribution to the energy ǫ nk associated with each single-particle orbital, we use an orthogonal two-center tight-binding Hamiltonian description [15] . In the usual fashion, we take the diagonal elements of the matrix of hopping integrals among L z eigenstates for two atoms separated by a distance τ along the z-axis, ddδ, ddπ, ddσ, ddπ, ddδ, to decay exponentially with distance, ddλ = ddλ o e −qτ . To set the primitive matrix elements ddλ o and the decay factor q we insist that the tight-binding Hamiltonian reproduce well the ab initio density of states for the d−bands, which is accomplished by setting the Slater-Koster parameters to ddσ o : ddπ o : ddδ o =-1 Ryd:1 Ryd:-0.5 Ryd and the decay factor to q = 0.63872.
In summing over the single particle energies, we replace the integral over the Brillioun zone with a discrete sum with appropriate weights w k [16] . The tendency of our system to spin-polarize requires us to consider separate Fermi occupation numbers f nkσ for each spin channel σ. We also include the Fermionic entropy
so that our band structure energy appears as the first sum in the energy functional (1) where the ǫ nk are the eigenvalues of the tight-binding Hamiltonian. All of the results below are computed at T = 300 o K. Combining the Fermi occupations f nkσ with the expansion coefficients ψ nkσ yields the local atomic
The Stoner theory of itinerant ferromagnetism describes an energetic benefit of polarization due to exchange of magnitude N at Im 2 /4, where N at is the total number of atoms in the crystal, m is the spin polarization per atom and I is the Stoner parameter [12] . To extend this theory beyond homogeneous bulk systems, we introduce a local approximation to the exchange energy in the same spirit as the local-density approximation [17] of density functional theory [18] . In particular, for an inhomogeneous system, we associate a separate energy contribution to the exchange from each atom equal to what we would expect on a per atom basis from a homogeneous system consisting of atoms in the identical environment with identical spin polarization. This contribution appears as the second sum in our energy functional (1). The physical motivation for this approximation is that the itinerant nature of magnetism in iron tends to smooth variations in the spin polarization, limiting the effects of gradient corrections. This approach has the advantage of allowing us to draw upon ab initio values of the Stoner exchange parameter in bulk.
Krasko [19] has performed ab initio linear response theory calculations of the Stoner parameter I in bcc and fcc bulk iron and found it to have a mild, approximately linear volume dependence, dI/ds = −0.01 Rydberg/Bohr where s is the Wigner-Seitz (WS) radius, and to have slightly different values for the bcc and fcc lattices, I and using a ≡ 1.7144, b ≡ −9.0948, c ≡ 56.372 reproduces to within 0.01% the correct coordination numbers and to within 0.3% the correct WS radii for the diamond structure, bcc and fcc lattices packed at the atomic density of bcc iron. With the Stoner parameters thus determined, we set the filling N d of the manifold of d−states, so that the Fermi level for spindown electrons in the bcc structure falls precisely at the minimum of the pseudo-gap in the tight-binding density of states, reproducing the physical behavior observed in ab initio calculations. The resulting filling, N d = 6.7 electrons/atom, is in good agreement with the value of N d = 7.0 used successfully in [13] . Finally, for the energy associated with the locations of the atoms, we take a power-law relationship between the interatomic potential and the hopping elements, a standard successful practice in tight-binding calculations [21] , to produce the final term in (1). We fit the two parameters b and p to the experimental equilibrium lattice constant and bulk modulus for the bcc phase of iron, yielding p = 2.2355 Bohr
and b = 872.5174 Ryd, respectively. The ratio λ ≡ p/q corresponds to a normalized hardness [21] , α h ≡ (λ − 1)/λ ≈ 0.7, in line with the values near two-thirds observed previously in tight-binding descriptions of the transition metals [22] .
Our final energy functional is thus,
The constraints on the minimization are Fermi statistics, 0 ≤ f nkσ ≤ 1 and the total number of d−electrons, N d = nkσ w k f nkσ . This formulation is equivalent in bulk systems to the familiar formulation of the Stoner theory in terms of a rigid shift between the up and down electronic density of states. The present formulation, however, has the advantage in treating complex structures of allowing distinct local Stoner parameters to be applied to each atom according to its environment. Finally, stationarity of the energy functional with respect to the fillings dramatically simplifies the evaluation of forces. Verification -To confirm the applicability of our description to iron, we discuss briefly the comparison of our results with available ab initio and experimental information for the bulk crystalline phases and for grain boundaries in bcc iron.
In bulk, we reproduce the correct sequence bcchcp-fcc of phases finding E hcp −E bcc =2.2 mRyd/atom and E f cc − E bcc =6.5 mRyd/atom. Our fcc-bcc energy difference, is on the order of what is found in other calculations [13] , and theoretical and experimental extrapolation [23] , [24] . In agreement with ab initio calculations [25, 26] , we observe that the hcp phase is more stable than the non-magnetic fcc phase for all values of the WS radius. We predict a pressure-induced phase transition from the bcc to the hcp phase at a WS radius of s = 2.6 Bohr, in good agreement with the ab initio studies of [24, 27] . (Note that we did not fit our parameters to produce the previous two properties.) The small energy differences among these phases opens the question of mechanical stability. Our Hamiltonian gives a mechanically stable ferromagnetic bcc phase, even along the Bain transformation (C ′ > 0). Our predicted C ′ and C 44 , which we have made no attempt to fit, are about 25% lower than observed experimentally, corresponding to an underestimation of about 12% in the frequencies in the long-wavelength portion of the phonon spectrum.
The literature presents an experimental determination of an average typical grain boundary energy in α-iron and ab initio results for the spin moment distribution of the Σ = 5(310) and Σ = 3(111) boundaries and the atomic relaxation of the Σ = 3(111) boundary in iron. Table 1 summarizes our results for these and two other symmetric tilt boundaries. Our calculations were carried out in supercells containing two oppositely oriented boundaries separated by at least eighteen layers of atoms. We performed full structural and supercell relaxations of these boundaries. Table 1 shows that our energy results are in good agreement with the experimental studies, which set the mean typical grain boundary energy to be approximately 770 erg/cm 2 [9] . The Σ = 3(112) boundary, the coherent twin, is a known special case which is expected to be unrepresentatively low in energy. The magnetic and structural predictions of our energy functional are in excellent quantitative agreement with the ab initio predictions for the outward structural relaxation of the atomic planes of the Σ = 3(111) boundary and for the fractional enhancement of the spin moments of the symmetry plane for both the Σ = 5(310) and Σ = 3(111) boundaries. (See ∆z and ∆m in Table 1 ).
Finally, figure 1 presents a more detailed comparison with ab initio calculations, showing the spatial distribution of spin moments in the vicinity of the Σ = 5(310) boundary. The figure shows that our model not only reproduces the enhancement of moments on the symmetry plane but also predicts correctly the tendency for the spin to fall below the bulk moment before eventually healing back to the bulk value as one moves away from the boundary. Some discrepancies become apparent in the results at this high level level of detail. This comparison serves to underscores the fact that there are limitations to any simplified, semiempirical model. Nonetheless, the overall level of agreement which we have found supports the fundamental soundness of our approach and its ability to give accurate predictions of global quantities and physical trends for complex structures in iron.
Exchange stabilization of grain boundaries in iron -The fact that the embedded atom model consistently exaggerates boundary energies in iron by a factor of two over our functional points to the participation in boundary energetics of a microscopic mechanism more subtle than simple distortions of the metallic bonding network. The data in Table 1 show that the exchange interaction is a major factor in the physics of the grain boundaries. The tendency to minimize the exchange contribution drives the system to lower its energy at the expense of an almost compensating dramatic increase in the atomic and band structure contributions. The end result of this balance is the lower and much more realistic set of boundary energies in Table 1 .
Breakdown of the large negative contributions from the exchange interaction shows that the enhancement comes mostly from an increase by 10-20% of the atomic spin moments with a lesser contribution from an increase by 2-4% of the Stoner exchange parameters themselves. (Table 1 .) The increase in magnetic moments along the boundary therefore plays the key role in the large stabilizing exchange interaction.
The origin of this increase is the fact that the states which contribute to the spin moments in the system tend to be more localized on the grain boundary. States with energy below both Fermi levels µ ↑ and µ ↓ are filled equally with up and down spins and so contribute nothing to the net moment, while those states with energy above both Fermi levels are completely empty. Only those states between these two Fermi levels are filled with uncompensated spins and contribute to the spin moments. The range of energies between the two Fermi levels is near the center of the d−band. The states in this energy range tend to localize on the boundary as a direct consequence of the more open structure of the boundary, which lowers the tight-binding matrix elements ddλ and thereby narrows the band toward the band-center. We confirmed this latter behavior by direct inspection of the electronic states. Finally, our model also sheds light on the geometric relaxation of the grain boundaries. In all boundaries in our study, the two planes of atoms immediately neighboring the symmetry plane to relax outward and compress into the surrounding bulk. Because the Stoner parameters increase with decreasing atomic volume (dI/ds < 0, above) this diminishes the Stoner parameter on the symmetry plane but enhances the exchange parameter in a total of four planes, one pair on either side of the boundary. This relaxation pattern enhances the exchange stabilization by sacrificing the exchange parameters on the single symmetry plane in favor of a total of four nearby planes.
In conclusion, we have developed a local spin density functional description of itinerant ferromagnetic materials which provides a simple and accurate picture of the relationships among geometry, electronic structure and stability of tilt grain boundaries in iron. 
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